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Introdution

� Claude Itzykson (1938-1995)� The Laughlin Wavefuntion� Admissible Partitions� The q-disriminant� q-polynomials vanishing oe�ients� Some Results and Conjetures� Hankel Determinants and Powers of the Vandermonde� Conluding Remarks
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Claude Itzykson's Comments

� Indeed you seem to have disovered a striking phenomenon whihdeserves an explanation ...� The subjet seems to me to be still widely open = For instane,is there a rule for the signs of the oe�ients?� What is the meaning of the vanishing terms you have found?� What is their general feature?� Is it signi�ant that you found them starting at N = 8? et..� Claude Itzykson Marh 1 1994
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The Laughlin Wavefuntion

� Laughlin[1℄ has desribed the frational quantum Hall e�et interms of a wavefuntion	mLaughlin(z1; : : : ; zN ) = NYi<j(zi � zj)2m+1 exp �12 NXi=1 jzij2! (1)

� The Vandermonde alternating funtion in N variables is de�nedV (z1; : : : ; zN ) = NYi<j(zi � zj) (2)	mLaughlinV = V 2m =X�`n �s� n = mN(N � 1) (3)where the s� are Shur funtions and the � are signed integers.
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Expansion of the Laughlin Wavefuntion

� Dunne[2℄ and Di Franeso et al[3℄ have disussed properties ofthe expansions while Sharf et al[4℄ have given spei�algorithms. I have extended their results to N = 10.� The partitions (�) indexing the Shur funtions are of weightN(N � 1). For a given N the partitions are bounded by a highestpartition (2N � 2; 2N � 4; : : : ; 0) and a lowest partition((N � 1)N�1) with the partitions being of length N and N � 1.� Let nk = kXi=0 �N�i � k(k + 1) k = 0; 1; : : : ; N � 1 (4)
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Admissible Partitions

� De�ne[3℄ Admissible partitions as satisfying Eq(4) with allnk � 0.� Di Franeso et al onjetured that the number of admissiblepartitions, AN , was the number of distint partitions arising inthe expansion, Eq(3), provided none of the oe�ients vanished.� The onjeture fails[4℄ for N � 8. We �nd the number ofadmissible partitions assoiated with vanishing oe�ients as(N = 8) 8; (N = 9) 66; (N = 10) 389� The oe�ients of s� and s�r are equal if[2℄(�r) = (2(N � 1)� �N ; : : : ; 2(N � 1)� �1) (5)
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Admissible Partitions

� We list the 8 partitions for N = 8, having vanishing oe�ients,as reverse pairsf13 11 985241g f13 10 926531g Q(1)f13 11 985422g f13 10 987531g Q(2)f13 11 976541g f12 10296531g Q(3)f12 11 972421g f12 10272532g Q(4)
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The q-disriminant

� Let qx = (qx1; qx2; : : : ; qxN ) and the q-disriminant of x beDN (q;x) = Y1�i 6=j�N(xi � qxj) (6)

andRN (q;x) = Y1�i 6=j�N(xi � qxj)(qxi � xj) =X� �(q)s�(x) (7)

So that V 2N (x) = Y1�i 6=j�N(xi � xj)2 = RN (1;x) (8)
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q-polynomials

� Introdue q-polynomials suh thatRN (q;x) =X� �(q)s�(x) (9)

RN (q;x) = (�1)N(N�1)=2(1�q)N P�v(N�1)N�((�q)j�j + (�q)N2�j�j)s(N�1)N=�(x)s�0(x) (10)� Suh expansions have been evaluated as polynomials in q for alladmissible partitions for N = 2; : : : ; 6 with many examples forN = 7; 8; 9.
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Examples q-polynomials

N [�℄ q(�) f�g2 [1℄ q f2g[�3℄ �(q2 + q + 1) f12g3 [1℄ q3 f42g[�3℄ �q2(q2 + q + 1) f412g+ f32g[6℄ +q(q2 + 1)(q2 + q + 1) f321g[�15℄ �(q2 + q + 1)(q4 + q2 + q + 1) f23g
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q-polynomials for the N = 8 vanishing oe�ients

�q17(q2 � q + 1)2(q2 + 1)2(q2 + q + 1)5(1� q)4 Q(1)+q16(q2 � q + 1)2(q2 + 1)(q2 + q + 1)6(1� q)4 Q(2)+q16(q2 � q + 1)2(q2 + 1)3(q2 + q + 1)5(1� q)4 Q(3)+q14(q2 � q + 1)2(q2 + q + 1)5(1� q)4�(q10 + q9 + 3q8 + 4q6 + q5 + 4q4 + 3q2 + q + 1) Q(4)Note the fator (1� q)4 whih vanishes for q = 1.
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Sum of Squares of Coe�ients

� Di Franeso et al give the remarkable result that ifV 2(N) =X� �s�then X� j�j2 = (3N)!N !(3!)N (11)� Can one write a similar expression forX� j(q)j2?
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q-polynomial Sums of Squares

� Unimodal and Symmetri?N = 2 q4 + 2q3 + 4q2 + 2q + 1N = 3 q12 + 4q11 + 11q10 + 20q9 + 34q8 + 44q7+52q6 + 44q5 + 34q4 + 20q3 + 11q2 + 4q + 1N = 4 q24 + 6q23 + 22q22 + 58q21 + 128q20 + 242q19+418q18 + 646q17 + 929q16 + 1210q15 + 1490q14+1670q13 + 1760q12 + 1670q11 + 1490q10 + 1210q9+646q8 + 418q6 + 242q5 + 128q4 + 58q3 + 22q2 + 6q + 1
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Consider the sum CS(N) =P� �N No. Partitions CS(N)2 2 -23 5 -144 16 705 59 9106 247 -72807 1111 -1383208 5294 15215209 26310 3803800010 135281 -532532000
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A Conjeture

� From the results tabulated for N = 2; : : : ; 10 we onjeture that

CS(N) = [N=2℄Yx=0 (�3x+ 1) [(N�1)=2℄Yx=0 (6x+ 1) (12)

� Exerise 1. Derive the above result.� Exerise 2. Extend the results to the q-polynomial oe�ients�(q).
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Hankel Determinants

� The Hankel matrix of order n+ 1 of a sequene 0; 1; : : : is then+ 1 by n+ 1 matrix whose (i; j) element is i+j with0 � i; j;� n.� The Hankel determinant of order n+ 1 is the determinant of theorresponding Hankel matrix,

detji+j j0�i;j;�n = det
������������

0 1 : : : n1 2 : : : n+1... ... ...n n+1 : : : 2n
������������ (13)
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Hankel Determinants - Example

� Consider the sequene where n = n!. Then for n = 3 we havethe sequene 1; 1; 2; 6; : : :

D1n() = detji+j j0�i;j;�3 = det
�����������

1 1 2 61 2 6 242 6 24 1206 24 120 720
����������� = 144 (14)

� Uber eine besondere Classe der symmetrishen Determinanten,Dotoral Thesis (1862) :- Hermann Hankel 1839-73
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Hankel HyperDeterminants

� We may de�ne a Hankel hyperdeterminant asDkn() = det2kji1+:::+i2k j0�ip�n�1 (15)� NB. The sequene  need not be restrited to just integers butmay involve sequenes of polynomials et. Thus Luque andThibon5 onsider the ase where n = hn(X), the n� thomplete homogeneous symmetri funtion of some auxiliaryvariables X = fxig and show that D(k)n (h) may be expressed interms of Shur funtions s�(X)� This problem is equivalent to determining the Shur funtionexpansion of the even powers, �2k, of the Vandermondedeterminant, �!
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Conluding Remarks

� Remaining Problems� In most sienes one generation tears down what another hasbuilt, and what one has established, another undoes. Inmathematis alone eah generation adds a new storey to the oldstruture. (Hermann Hankel 1839-1873)� I have bene�ted from detailed disussions with Prof. R C King(Southampton University) and Prof. J-Y Thibon (Université deMarne-la-Vallée)� This researh has been performed under a grant from the PolishKBN (Contrat No. 5P03B 057 21).


