
Admissible partitions and the squareof the Vandermonde determinantBrian G WybourneInstytut Fizyki,Uniwersytet Mikoªaja Kopernika - PolandJuly 2002Dediated to the memory of Claude Itzykson(1938-1995)



Group24, Paris, Frane, July 2002 0-1



Group24, Paris, Frane, July 2002 1

Claude Itzykson's Letter

� Indeed you seem to have disovered a striking phenomenon whihdeserves an explanation ...� The subjet seems to me to be still widely open = For instane,is there a rule for the signs of the oe�ients?� What is the meaning of the vanishing terms you have found?� What is their general feature?� Is it signi�ant that you found them starting at N = 8? et..� Claude Itzykson Marh 1 1994
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Expansion of the Laughlin wavefuntion

� Laughlin (1983) desribed the frational quantum Hall e�et interms of a wavefuntion	mLaughlin(z1; : : : ; zN ) = NYi<j(zi � zj)2m+1 exp �12 NXi=1 jzij2! (1)The Vandermonde alternating funtion in N variables is de�nedas V (z1; : : : ; zN ) = NYi<j(zi � zj) (2)	LaughlinV = V 2m =X�`n �s� (3)where n = mN(N � 1) and the s� are Shur funtions.
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Coe�ients of the expansion

� The oe�ients � are signed integers. Heneforth we onsiderthe ase where m = 1. The partitions, (�), indexing the Shurfuntions are of weight N(N � 1). Algorithms exist foromputing the expansions and omplete results have beenobtained for N � 10. For a given N the partitions are boundedby a highest partition (2N � 2; 2N � 4; : : : ; 0) and a lowestpartition ((N � 1)N�1) with the partitions being of length N andN � 1. Letnk = kXi=0 �N�i � k(k + 1)k = 0; 1; : : : ; N � 1 (4)
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Admissible Partitions

� Di Franeso et al de�ne admissible partitions as satisfying Eq(4)with all nk � 0. They omputed the number of admissiblepartitions AN for N � 29 and onjetured that AN was thenumber of distint partitions arising in the expansion, Eq(3),provided none of the oe�ients vanished.� The onjeture fails for N � 8. We �nd the number of admissiblepartitions assoiated with vanishing oe�ients as(N = 8) 8; (N = 9) 66; (N = 10) 389
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Admissible partitions whose oe�ients vanish

� Reversed partition symmetry� The oe�ients of s� and s�r are equal if(�r) = (2(N � 1)� �N ; : : : ; 2(N � 1)� �1) (5)� We list the 8 partitions for N = 8 as reverse pairsf13 11 985241g f13 10 926531g (Q1)f13 11 985422g f13 10 987531g (Q2)f13 11 976541g f12 10296531g (Q3)f12 11 972421g f12 10272532g (Q4)
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The q�disriminant� Let qx = (qx1; qx2; : : : ; qxN ) and the q�disriminant of x beDN (q;x) = Y1�i 6=j�N(xi � qxj) (6)andRN (q;x) = Y1�i 6=j�N(xi � qxj)(qxi � xj) =X� �(q)s�(x) (7)So that V 2N (x) = Y1�i<j�N(xi � xj)2 = RN (1;x) (8)Introdue q�polynomials suh thatRN (q;x) =X� �(q)s�(x) (9)
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The q�polynomials

RN (q;x) = (�1)N(N�1)=2(1�q)N P��(N�1)N ((�q)j�j) + (�q)N2�j�j)�s(N�1)N=�(x)s�0(x)Suh expansions have been evaluated as polynomials in q for alladmissible partitions for N = 2:::6 with many examples forN = 7; 8; 9.
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Some q�polynomials

N=2 [1℄ q f2g[-3℄ �(q2 + q + 1) f12gN=3 [1℄ q3 f42g[-3℄ �q2(q2 + q + 1) f412g+ f32g[6℄ +q(q2 + q + 1)(q2 + 1) f321g[-15℄ �(q2 + q + 1)(q4 + q2 + q + 1) f23gN=4 [1℄ q6 f642g[-3℄ �q5(q2 + q + 1) f6412g+ f632g+ f522g[6℄ +q4(q2 + q + 1)(q2 + 1) f6321g+ f543g.. ..... ....
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N = 8 q�polynomials where �(1) = 0

The q�polynomials for the four pairs of partitions designated earlieras Q(1):::Q(4) areQ(1) �q17(q2 � q + 1)2(q2 + 1)2(q2 + q + 1)5(1� q)4Q(2) +q16(q2 � q + 1)2(q2 + 1)(q2 + q + 1)6(1� q)4Q(3) +q16(q2 � q + 1)2(q2 + 1)3(q2 + q + 1)5(1� q)4Q(4) +q14(q2 � q + 1)2(q2 + q + 1)5(1� q)4�(q10 + q9 + 3q8 + 4q6 + q5 + 4q4 + 3q2 + q + 1)

Note the fator (q � 1)4.
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Some Conjetures

� If a q�polynomial is of the form (�1)�qpQ(q) then underN ! N + 1�! �; p! p+N; Q(q)! Q(q); f�g ! f2N � 2; �g� De�ne QS(N) =X� �(q)then QS(N) = [N=2℄Yx=0 (�3x+ 1) [(N�1)=2℄Yx=0 (6x+ 1)



Group24, Paris, Frane, July 2002 11

Sum of Squares Problem

� Di Franeso etal establish the remarkable result that the sum ofthe squares of the oe�ients of the seond power of theVandermonde with q = 1 is (3N)!N !(3!)NWhat is the orresponding result for the q�polynomials?
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� For N = 4 one �ndsq24 + 6q23 + 22q22 + 58q21 + 128q20 + 242q19+418q18 + 646q17 + 929q16 + 1210q15 + 1490q14+1670q13 + 1760q12 + 1670q11 + 1490q10 + 1210q9+646q8 + 418q6 + 242q5 + 128q4 + 58q3 + 22q2 + 6q + 1

Note the polynomial is symmetrial and unimodal!
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� Admissible partitions and the square of theVandermonde determinant� Brian G Wybourne, Instytut Fizyki, Uniwersytet MikoªajaKopernika Poland� The Vandermonde alternating funtion in N variables is de�nedas V (z1; : : : ; zN ) = NYi<j(zi � zj)	LaughlinV = V 2m =X�`n �s�where n = mN(N � 1) and the s� are Shur funtions.
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Prinipal Topis Considered

� Determination of the signed integers � N = 2; : : : ; 10� Admissible partitions and zero oe�ients� The q�disriminant and q�polynomials �(q)� A onjeture
QS(N) =X� �(q) = [N=2℄Yx=0 (�3x+ 1) [(N�1)=2℄Yx=0 (6x+ 1)

� Sum of squares - the q�polynomial is symmetrial and unimodal


